1. Abstract theory. Let M be a C 2 -Riemannian manifold without boundary modeled on a separable Hubert space (see Lang [3]). For pÇzM we denote by ( , ) p the inner product in the tangent space M p and we define a function || || on the tangent bundle T(M) by ||z>|| = (v, v) x J 2 for vÇzMp. (v) 
precise in later sections, that a fairly general class of calculus of variations problems can be interpreted as pairs (M", ƒ) satisfying condition (C). The following is thus an existence theorem for minimizing extremals of such problems. THEOREM 
Let (M,f) satisfy (C) and assume f is bounded below on a component Mo of M. Then f assumes its greatest lower bound on Mo. If pÇzMo then <l>t(p) is defined for all positive t and <t>t(p) has a critical point of f as limit point as t-> <*>. If all the critical points of f on Mo are nondegenerate then in f act lim^oo <l>t(p) exists and is a critical point of f for each ££Mo. Iff is bounded below on all of M then ƒ assumes its greatest lower bound on M provided the critical point set o f f has no interior, i.e. provided ƒ is not constant on any nonempty open set, hence in particular if all the critical points of f are nondegenerate.
REMARK. In any reasonable calculus of variations problem it is a priori evident that the function cannot be anywhere locally constant, hence condition (C) implies the existence of absolute minima.
A real number c is called a critical value of ƒ \l f~l{c) contains a critical point of/, otherwise c is a regular value of/. If c is a regular value of ƒ then it is easily seen that f° is a closed submanifold of M with boundary f~l(c). where D r denotes the closed unit disc in a Hubert space of dimension r, O^r^ 00 ; what it means to attach a handle to a manifold with boundary we shall not make precise here other than to say it is strictly analogous to the well-known process in the finite dimensional case).
Manifolds of maps.
The prototypes of theorems of this section are due to J. Eells [2] .
Let M be a compact differentiable (C induces via the injection j r a topology on C r (£) (the C r -topology) which can be derived from a complete norm, and henceforth we regard C r (£) as a Banach space whose norm is given only to within equivalence. Let fi be a "smooth" measure on M (i.e. if <£: 0->i? n is a chart, then there is a strictly positive C°° real valued function ƒ on <f> (6) such that for each subset £ of 0
where dx is the element of Lebesgue measure in R n ). If we give J r (£) a Riemannian structure then (ƒ,
defines a prehilbert space structure on C r (£) which changes to an equivalent one if we change fx or the Riemannian structure on J r (£). The completed space is the Sobolev space H r (Q of "iJ r -cross-sections of £," a Hubert space whose inner product is defined up to equivalence. Now let 7 be a differentiable fiber bundle over M in the sense of Ehresmann (i.e. 7 is a fiber bundle whose total space, fiber, and projection are differentiable and which is differentiably locally trivial) and suppose 7 is a "closed sub-bundle of £" in the sense that the total space of 7 is a closed submanifold of the total space of £ and the projection of 7 is the restriction of the projection of £. The space C r (y) of C rcross sections of 7 in the C r topology is then a closed subspace of C r (£ 
THEOREM. If r^k then J is a C 00 real-valued f unction on C r (£).
The calculus of variations is concerned with the study of the critical points of J, usually restricted to some submanifold of C r (y) defined by certain "boundary conditions." In order to apply the abstract theory of §1 one puts conditions on the integrand F to insure that / extends to a function of at least class C 2 on H r (£). Then if 2r>dim M J restricted to the submanifold of H r (y) corresponding to the boundary conditions will also be of class C 2 . Similarly one imposes conditions on F to insure that condition (C) of §1 will be satisfied on this submanifold. While we are far from having definitive results in this direction we will give in the next two sections theorems which include a great number of classical results and many new results besides. We furthermore give the following conditions on F. There exists a finite local trivialization of /*(£),
such that on each, the restriction of F } still denoted by F satisfies:
Here the d are constants and the subscripts on F denote partial derivatives. Thus for example
In the usual case of the (linear) Dirichlet problem, F is derived from a metric on J*(£) in the sense of [3] , i.e. is quadratic on each fiber. Then conditions (1) and (2) (4) obviously strongly restrict the integrand F, but on the other hand they allow a great deal of nonlinearity and at the same time include the (linear) Dirichlet problem in the general form of Gârding, Browder and Visik, see [8] , (when £ is a product and M a domain of Euclidean space).
2. Since H%(£) is contractible, of course no other critical point of Jo besides the minimum is forced by the homology of .#£(£)• However, the Morse theory implies, for example, that if Jo has two local nondegenerate minima, then Jo has some other critical point (such F satisfying our conditions are easy to construct). Morrey (see e.g. [5] ) has shown the existence of a minimum (if k-1) under our conditions on F. F. Browder [l] at the same time as this work has proved an existence theorem for partial differential equations related to the above.
3. The critical points of Jo are weak solutions of the nonlinear strongly elliptic Euler equations. It seems possible that they are C 00 sections. However the known regularity theory, for example [8] , and di Giorgi-Nash cf.
[é], [7 ] , implies this only under further drastic assumptions on the problem.
4. Presumably, the theorem of this section extends to sub-bundles rj of £ under similar conditions on F and 2&>dim M. Then usually the homology of H%(r)) will be highly nontrivial and the existence theory will imply much more.
Conversations with several mathematicians have been helpful here, especially those with L. Nirenberg regarding the last section.
